The Frölicher spectral sequence of a compact complex manifold X measures the difference between Dolbeault cohomology and de Rham cohomology. If X is Kähler then the spectral sequence collapses at the E 1 term and no example with d n = 0 for n > 3 has been described in the literature.We construct for n ≥ 2 nilmanifolds with left-invariant complex structure X n such that the n-th differential d n does not vanish. This answers a question mentioned in the book of Griffiths and Harris.
Introduction
Let X be a compact complex manifold. One of the most basic invariants of the holomorphic structure of X are its Hodge-numbers
and it is an important question how these are related to topological invariants like the Betti-numbers
In order to produce relations between these Frölicher studied in [7] 
where A p,q (X ) is the space of forms of type ( p, q). The resulting double complex (A p,q (X ), ∂,∂) yields a spectral sequence such that
the so-called Frölicher spectral sequence (see, e.g. [8, p. 444]) . It is well known that it degenerates at the E 1 term for Kähler manifolds, which can for example be deduced from the Hodge-decomposition
Therefore non-degenerating differentials in higher steps measure how much Dolbeault cohomology differs from de Rham cohomology and, in some sense, how far X is from being a Kähler manifold.
Kodaira [9] showed that for compact complex surfaces d 1 is always zero and the first example with d 1 = 0 was the Iwasawa manifold: consider the nilpotent complex Lie group
Later it was shown that for such manifold we have always
For a long time no manifolds with d 2 = 0 were known and it was in fact speculated if E 2 = E ∞ holds for every compact complex manifold.
Eventually some examples with d 2 = 0 were found independently by Cordero, Fernández and Gray [4] , who used a nilmanifold with left-invariant complex structure of complex dimension 4, and Pittie [11], who gave a simply-connected example by constructing a left-invariant complex structure on Spin(9).
Cordero, Fernández and Gray continued their study in [5] finding a complex 6-dimensional nilmanifold such that E 3 E 4 = E ∞ and together with Ugarte they showed in [6] that for 3-folds several different non-degeneracy phenomena can occur up to E 2 E 3 = E ∞ .
